
Representations of the Poincaré
group

&
-

The world has more symmetries than just Lorentz transformations :

translations in space and time
.

These translations form

a group too ; 1kt
,
since we can write ✗

^

→ ✗
^
+ X^ as a

4-vector
.

Combine translations with rotations and boosts ? Have to be

a bit careful because translations and rotations doit commute
.

Correct structure is a seni-di-e-p-d.at : if ✗ ads

are translations
,
and A , ,

11, are Lorentz transformations ,

( ✗/ A) • (4^2) _= ( ✗ + hip
,
ninja

usual multiplication
law from last lecture

is

apply Lorentz transf. N , to

4-recto-p, then
translate by a

⇒ this is a group , 112*45013,1 )

Let's revisit the Lie algebra of the Lorentz
group, but

now with indices .

A = It C-✗ → AT = JJ + E WI (w are entries of matrix X)

A-yn
-

-7 → Ann :ypr=ym
Plug in expansion of N, isolate OTE ) terms as before :

(JL + c- who: + c- WI )ypo=ym
Hut C- (J! WE + JEW? )ypo +OLE ) -- 7¢

(use rypoto lower indices ) t (J! wpu + OF won ) = 0

⇒ µnvtWvn=⇒ ,
so won is an antisymmetric tensor

w/ 6 independent components ! } boosts and 3 rotations
.



KNOTE : wow is only antisymmetric with both its indices

lowered ! From now on in the course
,
index heights come with

important minus signs.
A general infinitesimal Lorentz transformation can be written
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coefficients
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(Woi = Bi
, Wij = C- ijk -0k) (watch the minus signs in the top now! )

B = (B, , K ,
B
, ) is an infinitesimal boost vector, and E.=L-0,0-+0, ) is

an infinitesimal rotation about the axis É. This lets us write an infinitesimal

transformation in a way where there are no minus sign ambiguities !

|✗=-iE.J+;Ñ# note minus sign compared to Schwartz!
Our convention is the usual RH rule for rotations

.

A convenient way to write the entries of MT each of which is a 4x4

matrix
,
is (M
"

)✗
,
= i ( y
" Ju, - g.

✗

or;) where ×
,
B label the matrix indices

.
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Using this form, we can compute the commutator for all generators :

[ M"
,

M
"] :-#

"I :(my :-(my :(my ;
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-
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y
"
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=
- iz" ily 0×0; - y
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"

+ ymom
"
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Now let's include transformations to get the whole Poincare' group.µ
✗
^

→ ✗ 7- I can be implemented as a matrix with one extra entry :

✗
'
t flf

'
l

,

,

= ( ¥; (this is called an affine transformation)

o o o o 1

Y;;
"

!
+ '↳-42 + translation) canoe represented as :

that Anni -- fat !;) fat# 1=11^4,¥^⇒O O I I 0 1

Infinitesimal translation is still a vector
, let's call it Fi

O l ! '
°

Note signs! In other words,p°= - if - , ÷;) , Ñ=+i ( -9 !?;-) , etc- ( pin )^= - iynx where ✗ is

the row index of the 5×5

[ P ? P
'

] = 0 [Hw] matrix
.

One last commutation relation to compute :

i.in :ri=f÷÷÷H÷¥¥H÷¥÷H÷¥÷:L
A Pr transforms like a\

(nm )
"

/popO s ) 4- vector
, as it should

-

- f - t - -

0 I 0

So the commutator is a pure translation (Lorentz part is 0)
.



Compute the coefficient: &
ily
"oh - y

"

risking") -- ilyvotiy
"

) - yn
-

c- iz
"
))

= ilyvrcp -5 - ymoypya )

⇒ [Mm, P ?] = ilyv
-

pm - ymopu)

We now have the complete commutation relations
for the Lie

algebra of the Poincaré group
'

.

[M",Mr ] = i ( y "M^•+y^•M
"
-

y
"M
"
- yvonne)

(MTP ) = ily
' -

pm - ymopu)
[ Pm

,
PJ = 0

Note that while we derived these using a particular 5×5 representation

of tie tie algebra
,
they hold in general as abstract operator relations.

Just like with the Lorentz group, we will now systematically
construct the representations of this group .

Casimir operators
-

Now that we have the algebra
,
what can we do with it?

If we find an object that commutes with all generators
,
a

theorem from math tells us
it must be proportional to the

identity operator on any i¥ibk representation
: this is called a Casimir operator.

Irreducible ⇐> can't write as block - diagonal like

]11¥.÷:)



Here's one Casini- operator : p
'

= pnpn
.
proof;

[ PJ Po ] = 0 since all P 's co---te

[pn, mm ] =P
•

[ Po
,
M
"

] + [PYM
"

] Pr (using CAB , C) = A [B. c)
+ [A. C) B)

=p
-filo:P

"

-o:p .)) - ily "p
-

- ynrpypo)
= i(p-pu-pvpyi-icp-pv-pi.ph) = o

( which had to be true : M
"

is antisymmetric in n
,

v
,
and since

CM
,
P ) xp

,
could only have a commutator like PP which

is symmetric in n
,
v )

⇒ on an irreducible rep -

, P
-

acts as a constant tires tie identity

opera to- . Let's call tie constant m
- : we will soon identify it with

the physical (squared ) miss of a particle .

The Poincaré algebra has a second Casini- , but it's a bit less transparent .

Let's defineÑ-W=EMP ( Pauli-Lubinski pseudovector )

Emp, is the totally antisymmetric tensor with Gaz, = - l
.

We will see that W is related to a particle 's spin .

First,

some useful observations :

• W is orthogonal to P : Warp
"

✗ E. popspo=o by

arts>metz of C-.

r W and P commute
,
so we can label reps. by both their eigavals .

0

[Wa
,
PY = ftp.IM~P?P7--trc-wpa(mTpiy+cmYpojpy--i-zEnvpa(

yvopn - ymopujpos
= 0
,
again by antisymmetry.



Now
,
Consider some state 1km> which is an eigenvector of

pm w/eigenvalue km. We will see next week that such states

describe particles of definite
momentum

.
P
-

acts as kmkn = m?

so indeed ,
for a massive particle , P

'

acts as the identity on

all states 1k 'S related 6, Lorentz
transformations

.

Boost to a frame where k~= 1m
, 90,0 ), so Polk> = mlk >, Pille>

= 0
.

Then Wilk > = { Eino ; M
"
Polk> = m ( Itoi;kM

"

) 1k > = - m The>

As you recall from QM
,
5=-5 - J = Sls + 1) is indeed a multiple

of the identity with coefficient given by the particle 's spin s
,
so

the same should hold true for W' = - cñrw ) = -NJ .J.

Note : this only works if m > 0 ! ! Will come back to m= 0
.

Claim : W"=WrWis a Casimir, i.e. commute , with all pm and M~

proof : we have already shown [W, P ) = 0 , so clearly Cw ? pJ=o.

But w
'

is Lorentz - invariant Go free indices ), so the action of

an infinitesimal Lorentz transformation
must vanish !

[W
,
M
" ] = 0.

If this argument is too slick for you, for HW you will

check explicitly that CW? Mm]
= 0 using the Poincare algebra.

Next time : physical interpretation


