
What about antiparticles? A positron moving in the t - direction 10L
with spin - up along z-axis is still a right- handed antiparticle, but its Spino- is

HM =

= FE ( %) , which is pure Xu . Helicity and chirality

are Este fo- antiparticles .

Think of u's and is as column vectors and Tr E UFO
,
JI Vtr as row vectors

.

Useful identities fo- what follows :
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Analogous for r (check yourself ) ?

Is Cp ) vi.Cpl = - 2- Tss ', V'T Ip) rstp) = ZE dis .

We've been a bit fast and loose with matrix notation .
The above mere

inn products : contract two 4-component spinet
to get a number

.

Can also take offer products to get
a 4x4 matrix ?

§
,

uscptuscp ) = Pntntm #axe "-ft m (Feynman slash notation)

§
,

rip ) Js Cpl = pl - m
A HW

note the order of u andI,
and some spin index !



Classical vector solutions ↳
-

Gauge - fixed Maxwell equations : D Am = O , 2-An -

- O

Again
,

look for solutions An = Eep) e-
'

'

Px
.

We did this in week t:

in a frame where pm
-

- CE
, 0,0, E),

we have

Elm" = 10,110,0)
,
En
'"
= (0,0, 1,07, Eof = (I, 0,0, 1)

Recall EE is anphysical because it has zero norm .
However, we need

to include it because Ei
" "

mix with it under a Lorentz transformation .

Esp licitly, let NT =
% I o

- "
s

( ÷! !
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'

cache" 3579--1 , arson :p :p;

F

so N preserves pm.
However

, AT E
"'m -_ (1,1, o, 1) =

E' 'j t Ev , so Lorentz

transformations can generate te mphysical polarization .

But it turns out that in QED
,

all amplitudes Mrcp) involving an

external photon with momentum p
"

satisfy 1pnMn=J .

This is tr

Ward identity
,
and because EF - pm

,
this anphysical polarization

doesn't tribute to my observable quantity . (more on this later ! )

Analogous to spinors, we can compute inner and outer products :
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But by the arguments above
,
the pm will

always contract to zero
,
so we can say

!§
,

Encino Evil → - yw (again, sun over spins gives a matrix )



Feynman rules Ll
-
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Quadratic terms :
interaction tens

'

.

external lines
vertices

Recipe for constructing amplitudes in QFT using a perturbative
expansion in e (full justification for this in QFT class)

' (save factor fo- all
vertex : i x coefficient = - term .

fermions wkharge - 1)
External recto-5. Encp ) for ingoing
- mm

C- In (pl for outgoing

External fermions
'

.

UsCp) for incoming e- g-•

I'Cpl for outgoing e
-

•9-

s

Jlp ) for incoming et Q• note reversal

s of arrows I✓ (p ) for outgoing et •-1
.

Internal lines
'

.

"

reciprocal of quadratic term
"

plus some facto-s of i

For fermions
,

Dirac equation is (pl- m ) 4=0, so fermion propagator
-

-

"

is i
"

.

This (strictly speaking) doesn't make sense because we are

p - m

dividing by a matrix, but
we can manipulate it a bit using the

defining relationship of the V matrices
,
Hm, V ) IVY tyuyn =2yw

Note (ft-Hp- n )
-
- ppl - ri =

'

zlpnpvrmrvtpupnrvr
- ) - n
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=p
'

-ri

⇒ = iCFs ( *a matrix in spino- space )
pl- n p

-
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similarly fo- rectus D. An -- o => propagator is
" "

=

- s



Let 's construct The Feynman diagram fo- the lowest- o-de
↳

Contribution to et e
-

→ mtn
-

e- Cp, )
n
-

Cps ) Terminology :

→
. ::t::i:÷:"~• a

← §
"

virtual particles
"

et Cpj ) n'
-

Cpd

-
.

( ftp.H-iemus.cp.Df Has.cm tier) vs.cm)(p, +put

several things to note :

• terms in brackets are Lorentz 4-vectors
,
but all Spino- indices have been

contracted
.
Mnemonic : work backwards along fermion arrows

.

• Momentum conservation enforced at each vertex : p, + p, flows
into photon propagator, and this is equal to p, + pp

• The final answer is a number which we call IM ( i is conventional )
.-

1

Recipe for computing cross sections ?

• Write down all Feynman diagrams at a given order in coupling e

. Choose spins for external States
,
evaluate IMT

" Integrate over phase space to get o, or integrate ore-

part of phase space to get a differential cross section ÷
,

,

which gives a distribution in the variable Cs) x
.

does-
e
-

→mtn
-

In particular, we want to understand
-

,
wwe een

doom
is the angle between the outgoing n

-

and the incoming e- in the

center of momentum frame where f. tpa -- O.



Evaluating the matrix element 43
-

in -- ( Elm tiemus.cm)fj÷Casini tier) vs.cm]
First, need to specify spins. We will assume the initial e

-

and et

beans are inpolarized so we will average over initial spins.- -

Also assume detectors are blind to particle spins, so gun over
final

spina . Later we
will see what happens with polarized cross Teat. -ons.

Summing o-e- spins actually simplifies the computation . Square first :

int -- ue÷,alumnus.ir,Dci shear
'
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-

Focus on this term first

⇐ rent -- utlv Htv .

Recall ro -

- (I,
'
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-
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.
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-

- o
,
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For p
-
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, ( ✓e)

t
-

-
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,
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- ✓Pro -- t Vo VP t 2mV -
- t Vote

,
so

[ JVP a)
t
= ut f- re)V° ✓ = ut yo ye✓ = I Ver

⇒ conjugating Inst flips the
' '

bar
"

(hence the notation) ! Ctfu]t= it V'v
.

brackets are (restoring spin. - indices )
.

So the first two ferns in
.

Ilmari
,
main vision rrirvsdr.to

Now average over s
,

and Sz . Once we write the indices explicitly
,
we can rearrange

terms at will :

§
,

heinous, lp.lv = (Pl
,
the)
ar

y
remember

, p ,
and pie refer to

{ Valido Tsuda
-

- (ph - me ),
electronlpositro - momenta

,
so

mass is me

⇒ LE Tilman, us , help uiqlpirrervsdrulr -- thx -neloarmhxtnelm.ro
r w

- -

air✓
=

'

air -new trek)



This might not look like much of an improvement, but there are 44
a number of very useful

identities involving traces of V matrices ?

Tr ( odd # of rs ) = O

Tr ( r
-

ru ) -- tynv

T- Cr- rvrrro) -- dying
"
- ynryrrtynoy

" )

Using the first identity
, only two tens survive :

Trl -nerve ) -- - trig
"

Tr (ftp./re)--4(pipf-lpipdymtpfpi)
Notice that all the V matrices have disappeared ! We now have a pure Lorentz

tensor. Analogous manipulation on the muon terms with pg and pp give:

( IMD
-

= to?q,!MT=Ip÷ppfPiP,

'
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" ) (Psnpaetpppqilpip. -nitze)
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Let's imagine a collide like LEP at CERN where EE 100 Gev ⇒ me

, me .

All the dot products are OCEZ)
,
so we can drop the mass terms for simplicity:

( IMI )
-

=
8et

⇒ya pips) (pipa) + (pipa) (pips ))
This is a Lorentz- invariant rugby. Now

, specify a reference frame :
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P ,
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' ( 1,90, l ) ) Cp, i-pie--E)G Pu
-

- Ezell, go, - t)
- E-
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Ely
F-Iz

e
"

p,
-

- Ell, since, o, cos o)
r- pg

-

- Ez( I, - sink, o, -cost )
m
t

so Pip , = EI ( I - cost )
,
pipa

-

- EI( ltcost ), Pip, -- EI ( I tooset, pipa -

-

'
( I - cost)

( Imp) = Ez ( ( I toosoft ( t-coset ) =/e&(ltco5
Wh> so simple after a " that work?
Angular momentum conservation



Final step : integrate over phase space to obtain D= .

↳
does 0

Last week we saw that 2-body phase space took a

particularly simple form :
f always unity since we took E3> mm .

d The ÷,dr
'PI Q ( E - n

,
-

ma )
Ecm cm

do = 1- UMD'd IT
,

- (2E
, ) (LED him

9 a

=L for
F-FEE Ehr

relativistic beans

d r = d ¢ dcoso, ¢ dependence
is trivial so integrating gives 2T,

⇒ do = ten e-( 1h05G) dust
3. LIT

÷i÷ we-ex -- E.

Two sharp predictions
'

.
cross section depends on cm energy as et ,

and angular distribution
of muons is It050 . Both borne out by experiment!

Can also integrate over E to get total cross section :

o -

- f adf.TO dust = TIE !
'

,

child = 4
3 E
-

Fo- known E
,
can use this to measure x

.


