
Lt
In QM

,
symmetries are implemented by mipato-s .

We will justify the following transformation rules Fo- quantum Fields y :

loyal

spacetime la
,
A) : ecx ) → y 4×1=4+(4^144) Uca, a) = RCN - ylñY✗-a)

Énututih -
explicit implementation

of Poincaré transformation by a representation
by unitary operators matrix R and a
acting on Hilbert space
-

Shift of coordinates
in the argument of y

Internal i 41×1 ↳ Y' 1×1 = Ut '9) 41×7 Ulg ) = Rlglqcx)
r

argument of y is
unchanged for ink symmetries

.

Will see that internal symmetries are related to (generalized ) Chang .

Recall a unitary operator U satisfies U +4=11
,
so Ut -- a-

'

.

We will use

daggers and inverses interchangeably when dealing
with unitary operators .

Ye
man - Mandala theorem ! a consistent relativistic quantum theory

can only have the symmetries of Poincaré times an internal symmetry group G?
so once we have specified 6 and chosen the representations Rcg )

,
we will ]

have fully specified our quantum field theory of elementary particles .

Why unitary? We want a symmetry operation to preserve inner products . If a
state 1×7 transforms as UK>, then for any operator 9

< ✗ lol a> → <✗ tutout>
.
For these to be the sure

,
inte

Heisenberg picture where states are fixed and operators transform
,

we must have 0→ UtOU
. Taking 0=11 implies Utu = 11

.

We have already discussed how 4K ) is a collection of quark- operates

labeled by ×? so this justifies the abstract transformation rule

4 → Utyu .

An equivalent way of realizing this symmetry is

to let y itself transform in a representation R .

P loophole
'

. supersymmetry ! But this is the only one we know of
, and it doesn't

describe the standard model .



LsIn this course (as opposed to QFT) we are more interested

in the symmetry transformations on Fields
,

but these are

equivalent descriptions ( i. e. here is a well-defined prescription Fo- constructing UG))

Algorithm for constructing QFT of elementary particle interactions :

• Write down an actor SCE ] = Sdk Lce
, die , . . . ] which is

a scalar functional of the fields

- by construction, ensure 5 is invent under Poincaré and any
other desired internal symmetries

• Find equations of motion by variational principle 85 = 0

- these equations will respect the sa-esies as S

itself

• The quadratic piece
of L describes free (non-interacting )

- -

fields
.
Fourier - transform these fields to find operators which

create free particles with definite momentum km

- these plane - wave solutions will satisfy a dispersion relation
lenten = n

-

appropriate for relativistic particles
- the spin of the particle is determined by the Poincaré

classification , i. e. eigenvalue of Ñ( though we were not rigorous
about it, we were looking at unitary representations on

states ) : (this notation is standard )

spin -0 : (o
,
o ) 41×1 → 0(a- ' lx -a))

spin - ti. ( I/O ) and/or ( 0, E) that → LEX, In
"

lx -al )

spin- l
'

. (I, 's ) Anlxl → ÑµA ✓
In

- '

K -al)
these three are sufficient to describe all particles in fresh

• The cuhigW Pieces of L describe i€s . If the

coefficients (" coupling constants") are small, can write down a

perturbative expansion => Fe →



K% these considerations concrete by considering a specific
Lagrangian for a collection of complex scalar fields

,

(
¢1 + i%) where ¢

, ,
0
,
y
, , y,

are real☒ = µ Err e. + in

LCE ] = 2,0=+5# - n

-

Ete - ✗ (¢+01T
[ this Lagrangian will eventually describe the Higgs boson]
Claim : this Lagrangian describes A massive

,
relativistic scalar fields

which have equations of motion invariant under the following symmetries:
• OIH→ ☒ cñyx - 4) ( Poincaré )

• ☒ (x ) → eiQ^ OIK ) Fo- some real number Q ( un )

• IN → ei""" Ilx ) (such)

First let's expand out L just to see there is nothing mysterious

in the notation :

It -= ④
•

IT = ¥14,
- ich

. Y
,

- iced

L = -12m¢, - i 2m¢, die
,

- i 2-%) µ^9
+ i 5% r

(q
re

,
tiny, ) - E - ich E

,

- ie )/
4. + in

4 , + iy,
) + - . -

=

'

-2124,1150, ) + Hh¢d( 547 + ( 0 →

D) these tens are

quadratic in the Fields
,

- Epi - Epi + [¢→D so will give free -particle
equations of motion1- ( terms proportional to d)

For now, let's set 1=0 and only look at the quadratic terms.



e.To find equation of motion, use Euler-Lagrange equation
'

.

2m ?÷nyp- - ¥¢
,

= 0 (and similar Fo- oh
,
e
, , y, )

(4 -dimensional generalization of dat / 3¥ - ¥× =D From classical mechanics)

For quadratic terms only ,

III., -- ÷qj[ 17*2420,7 = iii. ( did. 0, + Eiko, )
= 5¢

,

22

T¢
,

= - six
,

=> 2124, ) - C-rich )
--0

µ2n2mtri)¢,- Klein - Gordon equation

Get identical equations Fo- 02,4, , Yi. not a surprise, since the> appear s>metrically

in L (more on this shortly)

can succinctly write all 4 equations by treating I , It as independent

fields ?

?÷a⇒= 5¥ , ÷*= - niet

= > (25 + ri ) It = 0 , same for OI From Euler-Lagrange egg . for It

translation IN = e-
"e-✗Y ;) ;

ltikmltiknltri)µ ? I :)
This solves the equation for any a, 6 as long as |kmk^=m⇒ , the-

Correct energy-momentum relation for a relativistic massive particle .

Thinking back to our Poincaré discussion
,
I is in an infinite - dimensional

rep . of the Poincaré group, with Pm= i 2m and eigenvalue P"- ni.

The states 1k> created by this I Lx) have momentum km
.



←
Now let's consider the symmetries of L

.

• Poincaré ! If we transform coordinates ✗
^
→ AT ✗

'
+ am
,

I should take the some value in both coordinate systems
.

So we should shift the argument of OI ;

☒→ I lñY× -al)

(I itself doesn't get a Lorentz transformation matrix because it has spin 0)

This is just the generalization of the
familiar fact that to translate

a function by →a
, you

shift F →
'

FCI -E)
.

This is consistent with

our convention to use exclusively active transformations
.

Performing this transformation on L gives :

L [EH
,
In EKD → y

" JnI+(a-yea ,)juoI(a-yea, ) ←
derivative hits
shifted argument

- ni#
+

In
- '
Ix -A)OICÑ 1×-4)

}
nothing happens other

-

¥ (Etch-4×-4)E(a-
'(✗-any

than shifted aswat

Look at derivative term :

JnI+(ñYx -al) = (A) 12,0-+1^-11×-4) (chain rule)

⇒ y~zo-ttcn-yx-aNKOT-ln-yx.at)= 7Th-711A
'/ Id, #

+(a- '1×-412,011^-4×-4)
-

= Y Po by de F. of

Lorentz group

= 7102,01+1^-11×-4 ) )# (a- ' ex -a) )
= > [ [EH

, LEAD → LCE lntlx-41,2nF INK -a)D
Lagrangian stays exactly tie sane apart from a shirt

in coordinates
.

So
,
if we derive equations of motion from 5 (Sdk LIEN ))= 0,
they will take the same form after a Lorentz transformation : the Sdk

integration renders the shift trivial.


