Dilute Boson Gas

In this section we consider a “gas” of spinless bosons of mass m interacting through
a static potential. The treatment given here is not realistic enough to quantitatively
describe liquid He*, but does capture the dramatic effect that Bose statistics has on a
many particle system. The field operator has a familiar expansion,

V(7 —L azexp(ik -
W% rexp(ik - @), (1)

and the Hamiltonian is

. . h2v2 . 1 o . A o
H:/d?’f\IlT(f)(— 2v )\If(a?)+§/d3:fd3:c’ N (W (7 — D) (). (2)
m
= Ao + ‘7
and the commutation relations are
lag, al] = 0 (3)

Consider first the free or non-interacting ground state. Since the particles are bosons,
there is nothing to prevent more than one particle being in a given state. Clearly the
ground state of the free system is simply all particles at rest or having k = 0. In the
interacting system, there is also a condensate, i.e. a macrosco 1c number of particles
with ¥ = 0. We denote the non- 1nteract1ng ground state by |<I> . If we act on this
state with the destruction operator for k= 0, we obtain
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On the other hand, if we apply operators with k = 0, we obtain
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One of the most striking features of this system is that when interactions are included, the
nature of the spectrum of low-lying spectrum of states with wave vector k is completely
changed. Instead of being quadratic in k as in Eq.(7), the spectrum is linear in k.



Wave Vector Space The first task in analyzing this system is to do all the spacial in-
tegrals in Hy and V' and obtain an expression entirely in terms of creation and destruction
operators. This is straightforward for Hy. We have
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For V, we substitute a Fourier representation for each term in Eq.(2). For example, (see
the Figure) we write

etc. Doing the integral d3%, we obtain

—

/dgfexp(—ilg’l - Z)exp(iq- (F — a)) exp(iky - T) = VO i a0 €Xp(—iq - )
In a similar way, doing the integral d3z’, we have
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For volume factors, we have 1/V3 initially, and the spacial integrals produced V2, so we
have a net 1/V. Using the Kronecker delta’s to eliminate k’; and &'y, we finally have
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The potential is expected to be strongly repulsive at short range. We will idealize this
by taking V(Z — z’) to be a delta function,

V(i —a) =\ (@ —a'), or V(§) =\
Using this form for the potential, V becomes
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Figure 1: Diagram for writing V in wave vector space




Approximating the Condensate Progress can be made in analyzing this system if
it is assumed that the interacting system, like the free system, has a macroscopic number
of particles in the k = 0 state. The Ukrainian physicist N.N. Bogoliubov then realized
that it makes sense to treat az and a% as non-operators, or in Dirac’s terminology, “c-

numbers.” For us this means that we make the replacements
ag— VN, a%—)x/ﬁ. (11)
Treated as operators, we know that
[a67 a%] =1,

and the replacement Eq.(11) ignores “1” compared to v/N. The interacting system of
course does not have literally all N particles in the condensate. We will assume that the
number of particles in states with k = 0, is a negligible fraction of the total number N,
so Eq.(11) is still accurate to O(1/N).

The next step in Bogoliubov’s analysis is to classify terms in V in terms of the number
of az and aﬂ factors that appear, each one being replaced by v/N. Doing this, it is easy to
see that terms of O((V'N)*, (v/N)?, (v/N)', 1) can occur, with (v/N)? ruled out because
if three external lines in Fig.(1) have zero wave vector, the fourth one must as well. We
write

V=Vit+Va+Vi+ 1, (12)
where VJ is proportional to (v/N)?. The term Vy seems at first sight to have no operator

character at all. However, some care is necessary in dealing with V., since the number of
particles must add up to N. We can certainly write

N = abag + > a}%a,—ﬁ», (13)
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Now V, = )\aga;r)aoao /2V. Using the formula for agao, we have
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The O(1) term in V, can be dropped in the present approximation, but the operator
O(N) term must be retained.

The next term to consider is \72, which has several parts. These may be understood
as follows Con81der the term in V which has k1 — 0 and &/ 1 = 0. To be in Vg, we must
have k2 and k’g non-zero. This will contribute a term to V2 equal to

Za -ag, (15)
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where we dropped the subscrlpt on ky. However, there is another term with k1 = 0.
Instead of = 0, we may set Ky = 0. It is easily checked that this also gives a term
identical to Eq.(15). Two more terms of the same form will be generated by Settlng
ky = 0, and either k/; = 0, or k5 = 0. Altogether there are four copies of Eq. (15) in V3.
There are two additional terms generated by setting either ki =0and ks = 0 or k'; =
and k:’ = 0. The final form of V2 is
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where n = N/V is the particle density. We may now write the Hamiltonian, keeping
only operator terms, including the operator part of Vj,
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where €; = hw; = h’k?/2m. The dominant term in H is the one in {-}. Although

quadratic, the terms in CL;%aT_—-k and aga -+ have a peculiar from and prevent any simple

use of perturbation theory in the smaller terms Vi and V. What is done next, again
following Bogoliubov, is to introduce new operators to replace a; and a . We define

ap = upby + v,;;bT_E (18)

and
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where the uz, vy are parameters to be determined.

Now, using the formulas Eqgs.(18), we return to the Hamiltonian of Eq.(17), eliminate
the a and af operators in favor of b and b operators, and choose the u; and vg such
that there are no bb or b'b! terms in the resulting Hamiltonian. The part of the result-
ing Hamiltonian which is quadratic in operators will then resemble a set of harmonic
oscillator-type terms, summed over k. This will then be the so-called “free Hamiltonian.”
Terms which are cubic and quartic in operators will of course remain in the full Hamilto-
nian. An unusual feature of the present system is that the “free Hamiltonian” contains
dependence on the interaction between particle through the parameter An.

Deriving the conditions on u; and u; To see what the required conditions are, first
consider ajza,; expressed in terms of the new operators. We have

a%a,; = (UEbE + UEb—E) <uEbiE + vaE) (19)

= (up)*(bhbg) + (vp)*b_gb! -+ wpvp(BLb! .+ beb_p)



The terms proportional to ugzvy are the type of terms we wish to cancel (they have either
two b operators or two b' operators.) Next, let us write out aga_g in terms of the new
operators. We have

aga_g = (ughy +vpb' ) (ughy + v’ 1) (20)

= (up)?bgb_j; + (vp) b -+ upvp(bgdl + b7 b )

In Eq.(20) the terms we wish to cancel are the coefficients of (uz)? and (vz)?. The expan-
sion of a%aig is just the adjoint of Eq.(20).

We can now find the condition we want by simply demanding that the coefficient of
either bzb_; or bTEbT_E vanish. Choosing bzb_r, we go back to the part of H inside {-} in
Eq.(17) and identify bzb_g, terms using Eqs.(19) and (20). Setting the coefficient of these
terms to zero, we have

(e + An)uzvg + ;M ((up)* + (vp)*) =0 (21)

It is easily checked that setting the coefficient of bjng_E terms to zero gives the same

condition as Eq.(21). Note that if we take up > 0, then Eq.(21) requires that vz < 0. As
we will see below, after solving Eq.(21) for the u; and vz, the resulting quadratic part of
the full Hamiltonian will have only b'b type terms.

To solve Eq.(21), we temporarily suppress the label k and introduce the dimensionless
ratio
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Rewriting Eq.(21), we have
(1+ s)2uv + v’ +v* =0, (22)
where we still have u? — v? = 1. Setting

u=+v1+?

we have

2(1+ 8)(V1+v2)v + 1+ 2v% = 0. (23)

Moving 1 + 202 to the right hand side and squaring the resulting equation, we have
41+ s)*(1 +v*)v* = 1 + 40* + 4o (24)

Setting

Eq.(24) becomes the quadratic
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Solving Eq.(25) and restoring the & label, we have
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It is of interest to note the behavior of (uz)? and (ug)? for large and small values of the
parameter s. For s >> 1, we have ¢z >> An, i.e. the kinetic energy of a freely moving
particle is very large vs. An. In this case it is easy to see that

(up)®> — 1, (vp)* — 0, (27)

or in other words the by and b’T; are essentially the same as the a; and a]%. On the other
hand, for s << 1, the factor of 1/y/s in Eqs.(26) means that both (uz)* and (v;)? are
quite large. This is the most interesting limit.

Having insured there will be no bzb_; or b]%bi]z in the Hamiltonian, we now return to
Eqgs.(17), (19) and (20) and collect the remaining terms. The {-} term in Eq.(17) is now

> (e + An) [(ug)blbg + (vp)*b_gb! ] (28)
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contribute 2 terms so the original factor of 1/2 become a factor of 2. Substituting
k — —k, and dropping constants from b, b' commutators, we finally have for the part of

the Hamiltonian quadratic in b operators,

where the factor of 2 in the second term comes from the fact that aza; and alga each
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The factor enclosed in [-] is the single particle excitation spectrum. Using FEgs.(26), we
have m 1
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Using these results in Eq.(29), extracting a factor of An, we have
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The single particle excitation energy is
€r = Any/s(2 + )
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For s >> 1, we have

so in this limit, the potential between particles is ineffective and the excitation energy
approaches that of free particles. However in the small s or small £ limit, we have
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Here we see that the potential between particles completely changes the spectrum, making
in lincar in || rather than quadratic. The interactions of a particle with small |k| with
the condensate of k = 0 particles is responsible for this difference. The linear nature of
the small \I;| excitations remains when the cubic and quartic terms in the Hamiltonian
are considered. Bogoliubov’s elegant treatment and his transformation here used in a
boson system also provides a useful method in the theory of superconductivity.

where the “sound speed” is given by



