Making Estimates in Research and Elsewhere

Lance Cooper

Q: How many cows can you fit in a barn?

A: assume spherical cows of radius ~R
&
assume rectangular barn w/ volume ~ LxW

N ~ (L x W)/nR2




Making Estimates in Research: Why?

It is the mark of an instructed mind to rest assured with that
degree of precision that the nature of the subject admits, and
not to seek exactness when only an approximation of the

truth is possible.
- Aristotle

Why make estimates in science?

The ability to estimate — to within an order of magnitude or so — the size or probability
of various quantities is useful in science as well as in many other endeavors:

To provide a rough check of more exact calculations

To provide a rough check of research results or hypotheses

To obtain estimates of quantities when other resources aren’t available
To obtain estimates of quantities that are difficult to measure precisely

To obtain estimates of quantities for which no firm theoretical prediction exists
= particularly important in interdisciplinary sciences, soft matter, astrophysics

To provide bounds for possible design alternatives



Making Estimates in Research: How?

How do you estimate the answer to a question that appears
impossible to determine at all, or at least without access to an
encyclopedia, internet connection, or omniscient being?

e.g., how many grains of sand are there on earth’s beaches?
how many piano tuners are there in Chicago?
how many atoms are in your body?

These problems are sometimes referred to as Fermi problems,
after the physicist Enrico Fermi, who was famous for (among
other things) posing and solving such problems.

Getting started:

(1). Don’t panic when you see the problem

(2). Write down any fact you do know related to the question

Enrico Fermi

(3). Outline one or more possible procedures for determining the answer

(4). List the things you’ll need to know to answer the question

(5). Keep track of your assumptions



Making Estimates in Research: How?
Other general guidelines for making order-of-magnitude estimates:

Make everything as simple as possible!

(1). Don’t worry about specific values: round numbers to
“convenient values”
e.g.,n~3; 8.4=10; etc.

(2). Choose convenient geometries when modeling
e.g., a spherical cow, a cubic grain of sand, etc.

(3). Make “educated” guesses or even upper and lower bounds
of quantities you don’t know.
try to make good guesses, and keep track of these guesses, as
they will set bounds on the fidelity of your estimate

(4). Use ratios when possible — by comparing the value of one quantity
(e.qg., force, energy, etc.) in comparison to a related quantity — in order to
eliminate unknown parameters and get a dimensionless parameter

(5). If possible, exploit plausible scaling behavior of some quantity,
l.e., estimate an unknown quantity by assuming it scales linearly - from
known values — with some parameter



Making Estimates in Research: How?

More guidelines for making order-of-magnitude estimations:

Checking your estimates:

(1). Make sure that your estimates and calculations are
dimensionally correct! = This is a very powerful tool!

(2). Check the plausibility of your estimate, if possible A
e.g., if your answer exceeds the speed of light or the size of the
universe, you’'ve got a problem!

(3). Check the plausibility of your estimate using an alternate calculation method
do the two methods agree to within an order of magnitude?

(4). Perform a “reality check” on your estimate based on the number and size
of the approximations you made

(5). More quantitatively - place “bounds” on your estimate:
To obtain an “upper bound” — in equations, put largest estimated values of
quantities in the numerator and the smallest estimated values in the denominator

To obtain a “lower bound” — in equations, put smallest estimated values of
qguantities in the numerator and the largest estimated values in the denominator



Chemistry Estimates: Atoms in a Grain

How many atoms in a grain of sand?

(1). What do we need to know? Size of a grain of
sand, size of an atom

Dimension of a grain of sand: assume L., ~ 1 mm =103m x 10" A/m = 107 A

~1A

Dimension of an atom: assume L,

(2). Do we need a model? Don’t worry about geometry...assume a cubic grain
of sand!

Volume of grain of sand: V., ~ (107)3 A3 ~ 102" A3
~ (1)3 A3 ~1 A3

Volume of an atom: V

atom

(3). Make your estimate!

# of atoms in 1 grain ~ (volume of 1 grain)/(volume of 1 atom) ~ 102" atoms per grain

Close to N,... so
(4). Now, check: How good were our approximations? this is reasonable




“Musical” Estimates: Piano Tuners in CU
How many piano tuners are there in Champaign?

(Similar to an original Fermi problem!)

(1). What do we need to know? How many families are
there in Champaign? How many families own a piano? How
often are pianos tuned? How many tuners are needed?

# of people in CU: Estimate 225,000

"Let me through - I'm a piano tuner!"

. © 2003 David Farley, d-farley@ibiblic.org http://ibiblio.org/Daveldrfun.

# of families in CU: Estimate 225,000/4 ~ 56,000
# of families owning a piano: Estimate 1in 10 = ~ 6,000 pianos in Champaign

rate at which pianos are tuned: Estimate 1 time each year = ~ 6,000 tunings/year

rate at which piano tuners can perform a tuning: Estimate ~ 4 tunings/day, working
~ 200 days/year (exclude weekends and holidays) = ~ 800 tunings/year per tuner

(2). Make your estimate!

# of tuners ~ (rate at which piano tunings are needed)/(rate at which each tuner performs tunings)

= (6000 tunings/year)/(800 tunings/year*tuner) ~|8 tuners (x 3 tuners)
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Culinary Estimates: Supersize Me

How many McDonalds franchises are there in
the US?

(1). What do we know? # of McDonalds in Champaign,
population of Champaign, population of US

# of McDonalds in Champaign: estimate N 00 ~ 7
population of Champaign: ~ 225,000
population of US: ~ 325,000,000

— Reasonably assume that # of McDonalds franchises scales with population!

(2). Make your estimate! Assume simple scaling relationship

v

Nysa ~ (population of US/population of Champaign)*(# of McDonalds in Champaign)

Nysa ~ 10,000
Actual: 13,673




Making Estimates: Hairs on a Human Head

How many hairs on a human head?

(1). What do we need to know? Size of a typical scalp, and
approximate number of hairs per square inch

Hairs per inch: 20 —40 (guess or measure) = 400 — 1600 per inch?

(2). Do we need a model? We don’t want a precise, specific answer,
so assume “average” head that is a hemisphere (keep it simple!)

Radius of “typical” head: ~ 5 inch (guess or measure)
— area of scalp ~ ¥2(4nr?) ~ 150 inch? (you can take n ~ 3! Excellent!)

(3). Make your estimate! Note dimensional consistency!

# of hairs ~ area of scalp * hairs/unit area ~ 60,000 — 240,000 hairs

Rounding up is OK,

~ 3} i
OR N ~10”hairs even encouraged! =

(4). Now, check: How good were our approximations?




Other resources on making estimates

A View From the Back of the Envelope
http://www.vendian.org/envelope/

University of Maryland Fermi Problems Site
http://www.physics.umd.edu/perg/fermi/fermi.htm

OIld Dominion University Fermi Problems Site
http://www.physics.odu.edu/~weinstei/wag.html

Order of Magnitude Astrophysics
http://www.astronomy.ohio-state.edu/~dhw/Oom/questions.html

Back-of-the-Envelope Physics, Clifford Swartz (Baltimore, Johns Hopkins University
Press, 2003).

The Back of the Envelope, E.M. Purcell, monthly column in the American Journal of
Physics, July 1984 — Jan. 1993.

Consider a Spherical Cow : A Course in Environmental Problem Solving, John Harte
(Berkeley, University Science Books, 1988).

Powers of Ten : About the Relative Size of Things in the Universe, and the Effect of

Adding Another Zero, Philip Morrison and Phylis Morrison (Scientific American
Library, 1982, 1994).
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