
Lectwe61 · HW2 will be posted 9/19
· Making up lest leckne

: extended, 10 mins

-

Recap : Characters of representations
: 6

= UV

Character of & Xp : 6->K

x1(9) = + 1053))

Schur Orthogonality Relation sit
of we have two iregs &1, &2 of 6



EleganSitu : Go feitenget ↳See
Ilets as define an inner product on characters

equal-
same basis

IX
,
X To s*1Xe19) gys
of

, and 2
are reducible, then

<XasTe : EstateP2
%. equivalent upapa bas

[untarity (g) =Prg-
Two final goints about characters :



· The irreducible characters form a complete basis for functions
·veuront under Conjugation

Given
y function

:

Gt K

Ar = fghg) for all gandh
↑ Class function

re have e Yen & K

= # of iregs of agrong = # of conjugacy
Conjugacy class : Classes

geG G has N conjugacy classe

C
= Eggglg'e 6 = C

, UCU ... UCN



The Frig) =Gl gacn& otherwise

There's N of in there must be

Nirreducible characters

To prove this , precede by contradiction

suppose fi G- D is a class function , and suppose that

<Xe = O for all iregs

I Han =O

Este :19) this is amatrix ba:
s amatrix



and Pigf Virg:9)

sigg
"g"-g/gg/9"= 9gg

-

g(g = g"g
/ [ - Isys g. = (g-gig!
- Dis - gglig

[fix(is) =0 = = Id by Schw's kemmen



tafads)
,
take traces

+r[as91:3) = Xtra) = xdim:
= Ef(Xe13) = xdim :
ge6

- 16k7
,Xei =0 :

x=& = fi =&

To use this to prove
that

, we can construct

a represention called thearrepresentation
0 : 6- U(9161
reg

Basis Vectors Sg ,geG greg = Seg



freg/g/egn= Egg

[Preg9wgs E
If hggt
& otherwise

Preg us some sum of irreducible representations
= f
,Yers = O

== Ef(g)(rg(9) == 0 by Schw's hamma
ges

F : sYPreg=



- Efrsteg =0
geG

-Argy =0 for all g

-> the irreducible characters spon the space of class functions

-> the # ex regs of a grongs
the # of conjugacy

classes in the ground
-

Using Scho's lemme, we can use characters to find explicit
projectors ate inverrant subspaces

Given a reducible representation



y= D r: P: reducible
I
↑ 1 :P

:
is shorthand for &-- P
ne

multiplicity et 1! timS

eit is a representative on avector space
V= EV:

we want to find matrices Pi s . t .

P: = Gi =V fram schw's lemas
HanHarans are block

O Otherwise Hedragonal in Vis

Taking inspiration from our previous proofi
P
:

= Es*e:194(9)



In over basis where i block-dragonal
ab

passwo: ee
Sij Sacse
= 8

:j Sab Peters enter de



With the grong theory done, lets turn back to Physics :

Lats look at electrons in solids fignoring interactions for new
vonre potential VI

HanHaren H= +Vi

symmetries of I are a subgramp of /3) XO
- q

translations sorotating

V(94) =V(y) -3 andreflecte

the grong G of rigid symetres of a 30 crystal is called a
Saggroug GCKrs



The key they that defines a crystal is discrete translation
symety: Every space grand 6 has a subgrany

T= EsElemente ,nie
T- the Bravars latter of the spac grang
Eeees-printine lattice Vectors Got unique

Vis+ e,rates)=Vi
i
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........
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= (a,0.... ~espec eie
·
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· e
= (0, a)& ↳⑧
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