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Chapter 6: Bending

Chapter Objectives

v" Determine the internal moment at a section of a beam
v" Determine the stress in a beam member caused by bending

v" Determine the stresses in composite beams
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Bending analysis

This wood ruler is held flat against the table at the left, and fingers are poised to press against it.
When the fingers apply forces, the ruler deflects, primarily up or down. Whenever a part deforms in
this way, we say that it acts like a “beam.” In this chapter, we learn to determine the stresses
produced by the forces and how they depend on the beam cross-section, length, and material

properties.
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Sign conventions:
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Positive internal shear

) (o

Positive internal moment

How do we define whether the internal shear force

and bending moment are positive or negative?

If V<0, we mean

If M < 0, we mean

If V> 0, we mean

0

If M > 0, we mean
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Beam sign convention

”—Frour\}/\J‘\ &Gr M <0

oAy ™
b 6'm/\{\;\jo ’ %

/

concave Wy Vean

Ce{\cﬂva Aﬂ wWn

de flecdion Yon
cwurve beaw\c“{t‘g(é’f‘\' ’
4 . .
Shear and moment diagrams Given: Find:
P =2KkN V(x), M(x), Shear-
P L=1m Bending moment
diagram along the
Ix [0} (/D J @ beam axis
if)“’ ',Y’ ¢ 1. Fead rdd”clriq)y\s
% .; ~ € F;C;O 7_7 AK:O
Y S Y gm0 2~ LY (200
N , £ = ¢, P
I’y | =0
}f//////’i. 2L 7:7 Ayxcy~P =@
0 LW/%/ : A\/ = P/R
-/}+ y P _——4—4 7.[2%‘100 & Mpgy an psec-\iw\ A (ozxcL)
£F -0 > 2—-\/‘&)=o
) \/ ljvﬁ M'“‘\ ’ > Yl(x)s p/3
~ ’*1 \lld) (iM)xzo qM‘(*)—%.xso
0/ Mos . x
b
g 3 F(‘;\ )VM) &M(ﬁ) ‘Ia 9@(4(”\@[L <)<\<2L)
L & GF:0 ¢ z. _
[e—, o D L pve=0 ( M) =0
IA M0 2 x
\ ‘/h ;IX:‘;\ ¥) —‘—7‘/2&):-2/:7 Mz(,().‘—«f’»(fo)"ip-.x;O
2} x‘“m'(m-x) | M,:,:)-.(-%\X_\;(p,l,) \/;f«'x«:
)——’;—g’ﬁ;——:\% S NOER ) ]
7
0/3
/ — 1 -1 1 M | ['I:‘.' A n

Ch. 6 - Bending Page 3



Example: cantilever beam
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Given: Find: I
P =4 kN V(x), M(x), Shear-
w = 15 kN/m Bt‘.nding moment
L=1m diagram along the
beam axis
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/Relations Among Load, Shear and
Bending Moments

Relationship between load and shear:
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Relationship between shear and bendmg moment:
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M M+ AM
Concentrated
force F acting
upwards:
f—Ar—] V+ AV
{a)
‘ M+ AM

Moment Mg
acting clockwise
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Fig. 6-10

change (jump) in shear or moment respectively
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Wherever there is an external concentrated force, or a concentrated moment, there will be a
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Shear and moment diagrams
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Example: cantilever beam Given: Use the graphical
P = 4kN method the sketch
P w w=15 kN/m diagrams for V(x) and
T L=1 M(x)
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/Pure bending

Take a flexible strip, such as a thin ruler, and apply equal forces with your fingers as shown. Each hand applies a
couple or moment (equal and opposite forces a distance apart). The couples of the two hands must be equal and
opposite. Between the thumbs, the strip has deformed into a circular arc. For the loading shown here, just as the
deformation is uniform, so the internal bending moment is uniform, equal to the moment applied by each hand.

/Geometry of deformation b

J We assume that "plane sections remain plane" — All faces of “grid

C elements™ remain at 90° to each other, hence
i Yoy = Yoz =0

/ N\ Therefore,
\ Toy = Tzz = 0
/ \ No external loads on y or z surfaces:
M A/ "B M Oy =0, =Ty, =0
‘3 Thus, at any point of a slender member in pure bending, we have a

state of uniaxial stress, since g, is the only non-zero stress
A’ B' component

(a) lpngitudim}I. vertical section For positive moment, M > 0 (as shown in diagram):
(plane of symmetry) :
g Segment AB decreases in length s 0, < 0 and ¢, < 0

Segment A'B’increases in length sy 0, > 0 and €, > 0
===== Hence there must exist a surface parallel to the upper and lower where

o, =0and e, =0

This surface is called NEUTRAL AXIS

g P
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Constitutive and Force Equilibrium
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Constitutive relationship:

Force equilibrium:
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(h) Transverse section
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Moment Equilibrium

Neutral
axis

(b) Transverse section

g )
Centroid of an area

* The centroid of the area A is defined as the point C of coordinates X and ¥y, which satisfies the
relation

¥

JyxdA= Az

JaydA= Ay

* In the case of a composite area, we divide the area A into parts 4, A3, A3

Avprar® = ) A%, Aot = ) AT
i i
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Example: Find the centroid position in the yz coordinate system shown for t = 20cm
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Second moment of area

s The 2" moment of the area 4 with respect to the x-axis is given by I, = f A y2 dA

» The 2™ moment of the area A4 with respect to the y-axis is given by I y = f A 2 dA

» Example: 2" moment of area for a rectangular cross section:
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Centroids and area moments of area:
Formula sheet

Moments and Geometric Centroids
p— - 2 — 2 - 1
Q=74 I.= [ v dA J,= [ pfdA j=— [ ydA
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Parallel Axis Theorem || I.= I, + Ad?,

~

Parallel-axis theorem: the 2" moment of area about an axis through C parallel to the axis
through the centroid C’ is given by

Example: Find the 2" moment of area about the horizontal axis passing through
the centroid assuming ¢ = 20 cm

1y

1

3t
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Bending stress formula

ox(z,y) = — T.(z)

¢ The maximum magnitude occurs the furthest distance away from the neutral axis. If we denote this
maximum distance “c”, consistent with the diagram below, then we can write

_ IM|c

Om

p
Bending stress sign
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Example: Find the maximum tensile and compressive stresses in this beam

subjected to moment M, = 100 N-m with the moment vector pointing in the
direction of the z-axis. Again take t =20 cm.
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Why I-beams?
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Summary of bending in beams

Maximum stress due to bending . Y
Mc - =
a = —I ~
.................... 1 o X
. . . Neutral surfs B '
Bending stress is zero at the neutral axis and ramps up T =y
linearly with distance away from the neutral axis e e

[ is the 2" moment of area about the neutral axis of the
Cross section
* Be sure to find the cross-section’s centroid and
evaluate I about an axis passing through the centroid,
using the parallel axis theorem if needed

To determine stress sign, look at the internal bending
moment direction:
* Side that moment curls towards is in compression
» Side that moment curls away from is in tension
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