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Chapter 9: Stress Transformation

Chapter Objectives

v Navigate between rectilinear coordinate systems for stress
components

v'Determine principal stresses and maximum in-plane shear stress
v'Determine the absolute maximum shear stress in 2D and 3D cases
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General stress state

The general state of stress at a point is characterized by
* three independent normal stress components oy, ay, and o,
¢ three independent shear stress components Tyy, Ty, and 7y,

At a given point, we can draw a stress element that shows the normal and shear stresses
acting on the faces of a small (infinitesimal) cube of material surrounding the point of interest
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Plane Stress

® Often, a loading situation involves only loads and constraints acting
applied within a two-dimensional plane (e.g. the Xy plane). In this case,
any stresses acting in the third plane (Z in this case) are equal to zero:

Or = Tag = Toy =0

* Example:
Thin plates subject to forces acting in the mid-plane of the plate

= L
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F
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But, the

-

4 .
Plane Stress Transformation

(a)

whose faces align with a particular coordinate system.

o,

(b)
The stress tensor gives the normal and shear stresses acting on the faces of a cube (square in 2D)

choice of coordinate system is arbitrary. We are free to express the normal and shear

stresses on any face we wish, not just faces aligned with a particular coordinate system.

Stress transformation equations give us a formula/methodology for taking known normal and
shear stresses acting on faces in one coordinate system (e.g. x-y above) and converting them to
normal and shear stresses on faces aligned with some other coordinate system (e.g. x’-y’ above)

/
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Plane Stress Transformation

s

® Sign convention:
> Both the X-y and x’—}f’ system follow the right—hand rule

» The orientation of an inclined plane (on which the normal and shear stress
components are to be determined) will be defined using the angle 8. The angle 0 is

measured from the positive x to the positive x’-axis. It is positive if it follows the curl

of the right—hand ﬁngers.

. /
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For two-dimensional problems:

(a)
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We use the following trigonometric relations...

-

2
. o 1 — cos(26) cos(260) =
sin = ————=
2
... to get
_ O + O 0, — O, )
Ox ) cos (26) + 1, sin (26)
Toy = = =5 sin (20) + 1, cos (20)
_ Oy + Gy Oy — .
Oy = 7 — — 3 cos(20) -1, sin (26)
Note that:

O, + 0, = 0, + 0,

2sinf cos @

cos? 6 —sin’ @
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Example 1:The state of plane stress at a point is represented by the element shown in the

figure below. Determine the state of stress at the point on another element oriented 30°

clockwise from the position shown.

50 MPa
1

80 MPa

—_—T

25 MPa

_ O + Gy x Yy .
Oy = 7t T cos (26) + t, sin (26)
Top = = =5 sin (20) + 1, cos (20)
_ Gx + Gy x  Vy .
Gy~ 7 — 3 cos(20) -1, sin (20)
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Mo prnor)

rper
PrmmpalAStresses

At what an&l is the normal stress 0 ,' maximized/minimized? Start from:

o..= M GX_G

X’ At Ty cos(28)+r sin (26)
e\ 2 ”c/‘“(ze

(07< )5t 2
= fenl9 (m«N ®,

~\

There are two roots (that we care about): e (2]

gpl al‘ld 9;02 = gpl + 900

Ox -0y
(o9 (2@,) N

(e 7
2

Xy

Sin (2@@: Ty

V(B 7
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a4 . .
Principal Stresses (200

What are the maximum/minimum normal stress values (the principal stresses) associated with
9;31 and sz? Start from:

Ox + 0y\ |0x — 0y ]
ax;{ > )+L > ):0529+1:xysm26'

) (D (B

g 0;((5\/) W
1 (55 Tay)

2
= 07(-(0'\/
- (0 2
< AR ()
= (“H\(’ maximum v\or/v\a.\ 5‘[”939)qu¢\4 BCLAlS q+

@’(9{623: (O-QUV)‘Wl = 0y

Summarize Y
er\/\mpa\ naf/vwl{ $+r65547
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TLeso Occ/ q+ Qf' de 6‘3&

51\ 7 92 OG‘;\ Qlazgw* jo° (A(WVSD
b

A
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/Prinoipal Stress Element

* Rotate original element by 81 = maximum stress 3 occurs on face originally aligned with x

axis
* The angle sz = 9,,1 + 907 defines the orientation of the plane (face) on which the minimum

stress 0y occurs
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/Principal Stress Element h

We always use the convention @1 > 07, i.e. g is the maximum stress and @7 is the minimum stress
=> Note that it is possible that 0, is greatest in absolute value, i.e. consider 5, = —10 MPa and
g, = —20 MPa

Important: A principal stress element has

no shear stresses acting on its faces!

= Try it yourself! Show that Tyly! (Q'pl) =0

9!’

A

gy
—_— Ty
Oy Oy
Ty ———

o

Y y

Origina] stress element Principa] stress element
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Maximum shear stress

At what angle is the shear stress Tyly! maximized? Start from:

Tos.n = —

x— O
Xy — 3 sin(20) + 1, cos (20)

lﬁg;w e (Jf%i}"og (';gt)/ 2 Ty S (7"@>; ©

= 4. (28)= (0%5

D

'ZTX\y

-

1 26, o, -0,
tan(26.) —(0y —ay) . — [ > ]

an =——"
§ 274y

. [ o
20,
There are two roots (that we care about): L— I“

l
851 and 952 = 951 +90° ‘
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e . ™
Maximum shear stress

What are the maximum/minimum in-plane shear stress values associated with 859 and 6,?

Plug in values of these angles into the expression for Ty!y! to obtain

positive shear stress for 8¢, negative shear stress for €,

PR

Important: a maximum shear stress element has
1) Maximum shear stress equal to value above acting
on all 4 faces

1
) Anormal stress equal to > (ox + 0y) acting on

all four of its faces, that is:

b Oy + 0y
o Oyt =0y = Ogpg =
x r = 2

3) The orientations for principal stress element and
max shear stress element are 45° apart,i.e.

[ o.-0, 39\

\ R R
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7~ Mohr's circle: graphical representation of stress

transformations

e the y-coordinate.

The equations for stress transformation actually describe g circle if we consider the normal
streto be the x-coordinate and the shear Stre

All points on the edge of the circle represent a possible state of stress for a particular

coordinate system.

Rotating around the circle to a new set of coordinates an angle 20 away from the original

(X,Y) coordinate represents a stress transformation by angle

Circle center location: C = 04y =
C: (O’;\,S ) Q

- 2
Circle radius: R = (M) + T%y

0x+0'y_0'1+0'2
2 2

Point X: (crx, rxy)

PointY: (0y, —Txy)
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X=(f7)<)0)

7~ Mohr's circle: graphical representation of stress
transformations

962(1&% X o @

WX o S)

. . a+o. 01+
Circle center location: C = Oqvg = xz 2= %
Y
. . _ Ox~ Oy 2 2
Circle radius: R = (T) + Ty P C S R
’ >
a
|
Point X: (O’x, Txy) V\ { /
X 1
PointY: (0, —Txy) Qm (foo
Some questions:
s (F’”V\ X o @ T
Answer Sign of o, Sign of oy Sign of Txy Point Point Point
choice for this for this for this Correspondi Correspondi Correspondi
circle cirde __ | circle ng to 0y ng to g3 ng L0 Tmax
Pos. @/ Pos, P ( p) P
Neg, ) Neg, Neg, Q Q K Q
=0 =0 =0 ( sﬁ) S ~——rvz

\ Also: where are angles 9p1 , 9p2, O, on the circle?

y)
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Example: For the state of plane stress shown

Ol’-:- O:wj’tR

~

a) Calculate the principa] stresses and show them on Mohr's circle 0
““b) Calculate the maximum shear stress and label it on Mohr’s circle 2@ - \Q\O
c) Calculate the state of stress (O’xf, gy, Tx’y’) for a CCW rotation ofiﬂshomx-' this state on
Mohr’s circle M p
d) Draw the principal and maximum shear stress elements O;Q - gﬂ 7

‘face

-

on the X~ O3, <
* 10 MPa 7’0’\( ?;\/ 70 Y

| ~
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5O o~ YThe XTTAR O%y= ~0 MPa
10 MPa 7’0’\( *y p
=y G:wJ =20 M

—y— 40 MPa TX\/

— 55t o = @")Z*(‘WFMVQ < SOMVa

0_(-: OE\IJ’{ Q = 7@/1/1\001
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e
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/Example: When the torsional loading T is applied to the bar, it produces a state of pure

shear stress in the material. Determine (a) the maximum in-plane shear stress and the

associated average normal stress, and (b) the principal stress.

P)
Nz T

T

N

o =0 =
7"1
Ty =T —
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Example: When the axial loading P is applied to the bar, it produces a tensile stress in the
material. Determine (a) the principal stress and (b) the maximum in-plane shear stress and
associated average normal stress.

P
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General (tri-axial) state of stress

* Three principal stresses

* Corresponding principal
planes are mutually
perpendicular

* No shear stress in the

principal planes

* If we rotate the above element on the right about one principal direction, the corresponding

O"y’ /
Fo
y Oz’
)L

stress transformation can be analyzed as plane stress.

Oy
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e _ ™
Maximum absolute shear stress

ATy
—_— 1
iid In-plane
—> Tmazx
Oy
A
g2
a. a1
e
O-max = O-l
— o (o)
O-min - O-z T — | 1 z
max
_ 2
Ot =0
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Example: For the state of plane stress shown, determine (a) the principal planes and the principal
stresses, (b) the maximum in-plane shear stress, () the absolute maximum shear stress

j‘tl(] Ksi

-—

—> 5 Ksi

6 Ksi
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