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Chapter 9: Stress Transformation

Chapter Objectives

v Navigate between rectilinear coordinate systems for stress
Components
v'Determine principal stresses and maximum in-plane shear stress

v'Determine the absolute maximum shear stress in 2D and 3D cases
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General stress state

The general state of stress at a point is characterized by
¢ three independent normal stress components gy, 0y, and o,
¢ three independent shear stress components Tyy, Ty,, and Ty,

At a given point, we can draw a stress element that shows the normal and shear stresses
acting on the faces of a small (infinitesimal) cube of material surrounding the point of interest

Plane Stress

¢ Often, a loading situation involves only loads and constraints acting
applied within a two-dimensional plane (e.g. the Xy plane). In this case,
any stresses acting in the third plane (Z in this case) are equal to zero:

Oy =Tog =Ty =0

* Example:

Thin plates subject to forces acting in the mid-plane of the plate
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Plane Stress Transformation

p o,

(a) (b)
The stress tensor gives the normal and shear stresses acting on the faces of a cube (square in 2D)

whose faces align with a particular coordinate system.

But, the choice of coordinate system is arbitrary. We are free to express the normal and shear

stresses on any face we wish, not just faces aligned with a particular coordinate system.

Stress transformation equations give us a formula/methodology for taking known normal and
shear stresses acting on faces in one coordinate system (e.g. x-y above) and converting them to

normal and shear stresses on faces aligned with some other coordinate system (e.g. x’-y" above)

- /
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Plane Stress Transformation

oy
_ Ty
X
—‘~ ~‘—~ X
Gy
——
@) (b) X

° Sign convention:
» Both the x-y and x’-y” system follow the right-hand rule

» The orientation of an inclined plane (on which the normal and shear stress
components are to be determined) will be defined using the angle 6. The angle 0 is
measured from the positive x to the positive x"-axis. It is positive if it follows the curl

of the right-hand fingers.

\ /
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For two-dimensional problems:

Oy

(a)
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We use the following trigonometric relations. ..
cos’h = H%S(%) sin(20) = 2sinf cos#
_ 20 w32
2y _ 1 — cos(20) cos(20) = cos“f —sin” 0
sin = —
2
... to get
ot Oy o, — O, )
Ox = 7t T3 cos (20) + 1, sin (20)
G,—0C
Tey = = 5 sin(20) + 1, cos (20)
_ o, fto, o©,-0, _ ®)
Oy = 2 — 3  cos(20) -1, sin (260)
\ Note that: Oy T O, = O + o,
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Example 1:The state of plane stress at a point is represented by the element shown in the

figure below. Determine the state of stress at the point on another element oriented 30°

clockwise from the position shown.

50 MPa
1

80 MPa

» 25MPa

o,t0o 0,—0

5+ T 5 cos(20) + 1, sin (26)

0, —OC
- —2[ sin (20) + 1, cos (20)

6,— O
7 - > cos (20) — Tyy sin (20)
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PnnmpalAStresses

what angle is the normal stress @+ maximized/minimized? Start from:

_ M 0,-0C

Oy = At 3 . cos (20) + 1, sin (20)
?‘? =0~ A(LF) sk 2 Ty s 2
(z@\ 2 Ty (05(29)

(0—7< O-\D s\ A

> fen 28 (m«U\D O,

{)’Le {7 /;y\f
(ooro/; L«r}

26, .
- - = T xy
x . . ' ‘I’ L‘
Tay T (o - o) e @1’7 l )
There are two roots (that we care about): V ’_‘ .e’ S

0p1 and 6, = O3 + 90° nod

\_ s M?\ﬁ 0
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' Principal Stresses 9‘“%05(20{@ ) sin

What are the maximum/minimum normal stress values (the principal stresses) associated with
0p1 and O, 7 Start from:

oy :Cfx ; g’)+'€" ; G’*’)zos 20 + Ty sin 26%
Xy
o) = (522) + (55 (B2 Ty (r””ﬁ”)

r-a*—\
((r,(« 6\,) M

l

= [0x40y
- (50~ 2
( 7 [ <%l3* (Tm\
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/Principal Stress Element

* Rotate original element by 61 = maximum stress 07 occurs on face originally aligned with x
axis

* Theangle 8, = 61 + 90° defines the orientation of the plane (face) on which the minimum

stress 0p occurs /

Original stress
elemént

@\, }/

0y

ﬁemambe‘f ) H\ a Sf
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faiilure:

/Principal Stress Element

We always use the convention 07 > 03, i.e. 07 is the maximum stress and g is the minimum stress
= Note that it is possible that g is greatest in absolute value, i.e. consider 5; = —10 MPa and

o, = —20 MPa

Important: A principal stress element has
no shear stresses acting on its faces!

= Try it yourself! Show that T, !(Qpl) =0

~

Tyy ———

a

v !

Original stress element

Oy

Principal stress element

~
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Maximum shear stress

At what angle is the shear stress Tyly! maximized? Start from:

6, —C
Toy = — _2": sin (20) + 1, cos (20)

”&?’v' == 9\(%%%““ (0) - 27 S (19>: ©

> Yuga). (")

o= 7
’CX\/

tan(260,) = — 2~ T

2Tyy
There are two roots (that we care about):

651 and 652 = 951 + 900
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Maximum shear stress

What are the maximum/minimum in-plane shear stress values associated with 65y and 6;,?

~

P]ug in values of these anglcs into the expression for T, y' to obtain

positive shear stress for Ogy, negative shear stress for 85,

_—

[4S)

Important: a maximum shear stress element has
1) Maximum shear stress equal to value above acting
on all 4 faces

1
) A normal stress equal to > (o, + Jy) acting on

all four of its faces, that is:

- - - Oy + 0y
r = ;| = -
x y avg 2

3) The orientations for principal stress element and

0 .
max shear stress element are 457 apart, i.e.

rlo

T??

p

)(/
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/~Mohr's circle: graphical representation of stress

transformations

The equations for stress transformation actually descri circle if we consider the normal
streto be the x-coordinate and the shear stre be the v-coordinate.

All points on the edge of the circle represent a possible state of stress for a particular

coordinate system.

Rotating around the circle to a new set of coordinates an angle 20 away from the original
(X,Y) coordinate represents a stress transformation by angle

Oxtoy
S =

Circle center locatjon: C = Oavg
C= (04,9

. . Ox—0y 2 2
Circle radius: R = (—) + 1%y
Point X: (O‘x, Txy)

PointY: (0}, —Txy)

oy +ds
2

|

fo‘m“}’ 1 [0‘1“ >O>
poi“’ 2 (0;3©> -~ (0—

\/(nmyio,] l/wsfon

24
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0\\/3
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transformations

O'x'l'O'y _ o0 +o;

2 2

Circle center location: C = 04y =

Ox—0y

z 2
P ) + Tyy

Circle radius: R = (
Point X: (O’x, Txy)
PointY: (0, —Txy)

Some questions:

/~Mohr’s circle: graphical representation of stress

0 (From X 4o @\

N
0, (ffom X o 1)

9, (Fm X 1o $)

Answer Sign of 0, Sign of 7, Sign of T,y Point Point Point
choice for this for this for this correspondi | correspondi | correspondi
circle circle circle ng to 0y ng to 03 ng to Tygyx
A Pos. (Pos. / Pos, P (v ) P
B Nek ) Neg. Neg Q Q / Q)
C =0 =0 =0 ( s ) S ~——z

\_ Also: where are angles 9})1 , sz, O on the circle?

613 pas“\‘r\fe 'FG( COWNTEC

ocL\,Jlse fﬁ'\r"l'\‘mmg Le M*’\¥47
ok X (b s)

//'

E_xample: For the state of plane stress shown

a) Calculate the principal stresses and show them on Mohr’s circle

—

Ol’ O;“’j’t R )Oz;};vj— K

4]
“"b) Calculate the maximum shear stress and label it on Mohr’s circle @ e \:)\O
c) Calculate the state of stress (O’x!, Ty, rx'y') for a CCW rotation ofﬂfjo_o_ishow this state on
) Mohr’s circ]n‘a . ‘ O‘;Q - g'DM pa,
) Draw the principal and maximum shear stress elements £
O on the X7TAR O < ~O MPq
Ty 7 Y
«mm-.f*@'\( )
= Oy = 20 M &
:1m\||'.| T,(\/ J
| 50~ (=1 /—l 0
50 MPa = 0"7( (R 'f' (L(O) /V'Vﬁp < 6 cOM WM
( : ONJ ’f R ?O Mﬂ”’

Ve
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KExample: When the torsional loading T is applied to the bar, it produces a state of pure

shear stress in the material. Determine (a) the maximum in-plane shear stress and the

associated average normal stress, and (b) the principal stress.

fﬂ
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/Example: When the axial loading P is applied to the bar, it produces a tensile stress in the

material. Determine (a) the principal stress and (b) the maximum in-plane shear stress and

P 0 +0
e Oh”:“ﬁ: A;z
Gy O

associated average normal stress.

\
Z

Oi/

=0 QIW%“;;O’y%T

\

oo fle ST
F= O/\ ‘E/ (O\\f:) k(&
€\ D\,\(%\\Q [Yz = (‘)ﬂa\\;j“@
et Colart Y




WWQ?\Q

*  Three prmc‘lpal stresses
. Correspon{ ing principa

* No shear stress in the

o

N

O Ty
’ny O
2 Ge

planes are mutua I)
perpendicular

principal planes

If we rotate the above element on the right about one principal direction, the corresponding

stress transformation can be analyzed as plane stress.

!\Jy

NN

v 0 02 _
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| Example: For the state of plane stress shown, (@Qinc (a) the principal planes and the principal
t 1

stresses, (b) the maximum in-plane shear stress, 1e absolute maximum shear stress
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